Abstract. In this paper we establish that some ideals which occur in Galois theory are generated by a triangular set of polynomials. This geometric property seems important for the development of symbolic methods in Galois theory. It may be exploited in order to obtain more e cient algorithms. Actually, it enables us to present here a new algebraic method for computing relative resolvents which works with any kind of invariant.
Introduction
Let k be a perfect eld and k an algebraic closure of k. Let f be a univariate polynomial of k X] supposed separable with degree n, and be an ordered set of the n roots of f in k n . In 25] is introduced the notion of ideal of -relations invariant by a subset L of the symmetric group of degree n. It generalizes the notion of ideal of relations and the notion of ideal of symmetric relations. We call them Galois ideals.
This paper presents two important results. First, we prove in Theorem 5.5 that a Galois ideal associated with a group L which contains the Galois group of f is generated by a separable triangular set of polynomials which forms a reduced Gr obner basis of this ideal for lexicographical order. We think that the knowledge of such a property may simplify some problems, and thus it may be a basic tool to construct more e cient algorithms in Galois theory. This remark may be taken into account when one is concerned with optimal implementation issues. Moreover, it may lead to new algorithms in Galois theory. The second major result of this paper illustrates this assertion since we give here an algebraic method for computing relative resolvents (see Section 7) . We also specify (see Remark 7.11 ) that when the Galois group of the polynomial f is known, our algorithms may be employed for computing the ideal of relations among the roots of f and consequently for computing in the decomposition eld of f.
The resolvent is the fundamental tool, introduced by J.L. Lagrange ( 13] ), in the constructive Galois theory. Later, R.P. Stauduhar ( 22] ) has extended the de nition of J.L. Lagrange. Let us recall that the resolvents relative to the symmetric group S n , called absolute resolvents, can be computed with many algorithms (see 13] , 18], 21] and 23]). However, for computing resolvents relative to some proper subgroup L of S n , there exists only a numerical method (see 9] or 22]) and a linear method which requires hard generic computation (see 1] and 7]); the reader can see also 26] for computing linear factors of 1 supported by Galois Project of GDR de Calcul Formel MEDICIS and by Dipartemento di Matematica di la Universit a di Pisa 1 resolvents. The numerical method is generally e cient but is not adapted for the problems which require high precision; and it may be used only in a particular algorithm for computing Galois groups. On the contrary our algebraic method is general. Furthermore, it works with any kind of invariant. The interest of the computation of relative resolvents follows from complexity considerations. Indeed, the degree of the resolvents increases with the order of the group L; since these resolvents have to be factorized for extracting informations on the Galois group of f, absolute resolvents may be harder to handle than relative resolvents. For example, by the method of partition matrices (see 2]) it is possible to compute the Galois group of a polynomial with resolvents relative to a group which contains this Galois group. The symmetric group always satis es this requirement but, as explained above, it is preferable to use resolvents relative to smaller groups. Moreover, these relative resolvents may avoid some degenerated cases with non-separable absolute resolvents.
Our algorithm requires only the triangular Gr obner basis of the Galois ideal associated with the group L. Due to the particular structure of some considered Galois ideals I, our method is in fact easily obtained from a natural algorithm for computing characteristic polynomial of the multiplication by a polynomial inside the nite quotient algebra k x 1 ; : : : ; x n ]=I (see Section 6) .
The complexity of our method depends essentially on the complexity of lexicographical Gr obner bases. The average arithmetic cost for the computation of Gr obner bases in the zero dimensional case is d O(n) , where n is the number of variables and d is the maximum degree of input polynomials (see 15]). Practically, some e cient implementations are available for the computations of Gr obner bases (see 10]). Note that this part of the computation in our method decreases when the polynomial f is reducible over k. In this case the computation splits into several computations of Gr obner bases with less variables. This point will be developed in a future paper.
The paper is structured as follows. Section 2 introduces our terminology and notations. The third section contains some lemmas of commutative algebra; further proofs will refer to them. In Section 4, we introduce the concept of equiprojectable variety and we show that it gives a geometrical characterization of the ideals of k x 1 ; : : : ; x n ] generated by a separable triangular set. In Section 5, this characterization is exploited to prove the main property for Galois ideals that we mentioned above. Section 6 presents the algorithm for computing the characteristic polynomial of the multiplication by a polynomial inside k x 1 ; : : : ; x n ]=I in the particular case where the ideal I admits a separable triangular set of generators. The former results are exploited in Section 7 to give a method for computing relative resolvents in Galois theory. An explicit way of computing a triangular set of polynomials which generates a Galois ideal is simultaneously presented. Finally an explicit example illustrates our method.
Definitions, notations
Throughout the paper, k is a perfect eld and k is an algebraic closure of k. Let f be a univariate polynomial of k X] supposed separable, with degree n. Let = ( 1 ; : : : ; n ) be a tuple of the n roots of the polynomial f in k n with some xed order. Let x 1 < : : : < x n be n ordered variables which are algebraically independent over k. For P 2 k x 1 ; : : : ; x n ], the evaluation of P in is denoted by P( ). We denote by S n the symmetric group of degree n. For 2 S n the action of on , denoted by : is de ned by : = ( (1) ; : : : ; (n) ).
The following de nition has been introduced in 25] and generalizes the well-known notions of ideal of relations and ideal of symmetric relations.
De nition 2.1. Let L be a subset of the symmetric group S n . The Galois (L, )-ideal is the ideal I L of k x 1 ; : : : ; x n ] formed by the -relations invariant by L: I L = fR 2 k x 1 ; : : : ; x n ] j (8 2 L) ( :R)( ) = 0g ;
where ( :R)(x 1 ; : : : ; x n ) = R(x (1) ; : : : ; x (n) ).
Since the tuple is xed throughout the paper, the ideal I L will also be called the Galois ideal associated with L.
De nition 2.2. The ideal I Sn is called the ideal of symmetric relations of f. The ideal I fIdg is called the ideal of relations of f and is simply denoted by I .
Let us recall the de nition of the Galois group.
De nition 2.3. The Galois group of over k, denoted by G , is the subgroup of S n de ned by G = f 2 S n j (8P 2 I ) :P( ) = 0g :
Usually G is also called the Galois group of f over k. Remark 2.4 . From the de nition of the Galois group, it follows directly that I G = I .
For i 2 1; n] and E k x 1 ; : : : ; x i ], we denote by Id(E) the ideal generated by E in k x 1 ; : : : ; x n ], by Z k i (E) the set of zeros of E in k i , and by V (E) the k-variety Z k n (E).
For a k-variety V in k n we denote J (V ) the radical ideal of k x 1 ; : : : ; x n ] composed by the polynomials of k x 1 ; : : : ; x n ] which cancel on V . Notation 2.5. Let i and j be two integers such that 1 i j n. Let V be a subset of k j . We denote by j;i the natural projection map from k j to k i , which sends (a 1 ; : : : ; a j ) to (a 1 ; : : : ; a i ). Moreover, we set V i = j;i (V ).
Triangular sets of polynomials are e ective tools for solving algebraic systems (see 3]). In this paper we only need to deal with zero-dimensional ideals; the following de nition is thus adapted from the terminology of the general case of positive dimension.
De nition 2.6. A set T of n polynomials in k x 1 ; : : : ; x n ] is called a triangular set of k x 1 ; : : : ; x n ] if T = ff 1 (x 1 ); : : : ; f n (x 1 ; : : : ; x n )g, where the i-th polynomial f i is monic as a polynomial in x i with degree(f i ; x i ) > 0.
For a triangular set T in k x 1 ; : : : ; x n ], we will always use in the paper the notation 
R=M.
By assumption the ideal J = (I) is not the zero ideal of the principal ideal domain (R=M) x]. Therefore J is generated by a monic univariate polynomial of (R=M) x].
Thus, there exists g 2 R x] { which can be chosen with a monic leading coe cient in x { such that J is generated by (g). It is clear that ?1 (J) = Id R x] (M fgg). Hence it follows from Lemma 3.1 that I = Id R x] (M fgg). Proof. It is obvious for n = 1. By induction, we assume that the ideal generated by ff 1 ; : : : ; f n?1 g in k x 1 ; : : : ; x n?1 ] is the intersection of maximal ideals. The result is then obtained for n by applying Lemma 3.5 (with f n for each p j ) and Proposition 3.4.
A characterization of zero-dimensional triangular ideals
This section introduces the concept of equiprojectable variety. This concept characterizes the zero-dimensional k-varieties which can be expressed as V (T) where T is a separable triangular set. It follows that the ideal of the equiprojectable k-variety is the ideal generated by T. Our geometrical characterization of triangular ideals provides a tool to prove the triangular structure of Galois ideals in Section 5.
De nition 4. An equiprojectable subset of k n may be characterized by induction. This equivalence will be useful for further proofs. (5) It follows that V is equiprojectable on V i .
Before giving the main theorem of this section, we study in the following proposition the case where V is a k-variety such that V n?1 is irreducible. We will refer to this particular case in Theorem 4.5 by splitting V n?1 into irreducible components and recombining results with Chinese remainders. (iii) the polynomial g is monic in x n ; (iv) g( 1 ; : : : ; n?1 ; x n ) is a separable polynomial for each ( 1 ; : : : ; n?1 ) in V n?1 . Proof. By Proposition 3.3 there exists g in k x 1 ; : : : ; x n ] for which properties (ii) and (iii) hold. Since the ideal I is radical, property (iv) follows from Proposition 3.4. Now we prove relation (i) and consequently that V is equiprojectable on V n?1 . Let M = ( 1 ; : : : ; n?1 ) be a point of V n?1 and P = ( 1 ; : : : ; n?1 ; n ) with n 2 k. We have: P 2 ?1 n;n?1 (M) () (8f 2 Id(M fgg)) f( 1 ; : : : ; n ) = 0 () g( 1 ; : : : ; n ) = 0 : Thus P 2 ?1 n;n?1 (M) i n is a root of g( 1 ; : : : ; n?1 ; x n ). Since this latter polynomial is separable we have card( ?1 n;n?1 (M)) = degree(g; x n ) = d. Relation (i) clearly follows.
Theorem 4.5. Let V be a zero-dimensional k-variety in k n . Then the following statements are equivalent:
(1) there exists a separable triangular set T = ff 1 ; : : : ; f n g such that J (V ) = Id(T); (2) V is equiprojectable. Furthermore we have c i (V i+1 ) = degree(f i+1 ; x i+1 ) and c i (V ) = Q n j=i+1 degree(f j ; x j ).
Proof. First, we assume (1). Let T = ff 1 ; : : : ; f n g and d j = degree(f j ; x j ). (Proposition 4.3) .
Remark that we also have shown that degree(f i+1 ; x i+1 ) = c i (V i+1 ). Moreover the equality concerning c i (V ) in the theorem is obtained by relation (5) above. Hence the last part of the theorem is proved.
Reciprocally, let V be an equiprojectable k-variety. We show by induction on n that J (V ) is a triangular ideal.
For n = 1, the result follows from the fact that k is perfect. Let n > 1 and let V n?1 = W 1 : : : W r be the decomposition of the k-variety V n?1 into irreducible components. If we denote ?1 n;n?1 (W j ) = M2W j ?1 n;n?1 (M), then we have V = ?1 n;n?1 (W 1 ) : : : ?1 n;n?1 (W r ) : (6) Let us denote by M j the ideal of W j in k (ii) J ( ?1 n;n?1 (W j )) = Id(M j fg j g);
(iii) g j is monic as univariate in x n ; (iv) g j ( 1 ; : : : ; n?1 ; x n ) is a separable polynomial for each ( 1 ; : : : ; n?1 ) in W j . Besides, the k-variety V n?1 in k n?1 is clearly equiprojectable. According to the induction hypothesis, its ideal I 0 is therefore generated by a separable triangular set T 0 . Now, the equiprojectability of V on V n?1 will allow us to combine results (i) to (iv) in order to exhibit a convenient polynomial g with greatest variable x n to extend T 0 into a triangular set of k x 1 ; : : : ; x n ]. We set d = c n?1 (V ). By assertion (i), each g j has degree d relatively to x n . By Lemma 3.5, there exists a polynomial g 2 k x 1 ; : : : ; x n ], monic w.r.t. the variable x n with degree(g; x n ) = d, such that (8j 2 1; r]) g g j (mod Id(M j )) ; (7) and Id(I 0 fgg) = \ m j=1 Id(M j fg j g) :
It follows from identity (ii) and relation (6) that J (V ) = Id(T 0 fgg) : Finally it su ces to check that the triangular set T = T 0 fgg is separable. This is easily done with relation (7) and assertion (iv).
Galois ideals: a fundamental property
This section states a main result. It is shown that if a group of permutations L contains the Galois group of (see De nition 2.3) then the Galois ideal I L (see De nition 2.1) is triangular. This remark may simplify some problems in Galois theory and provides an essential information for some implementation issues. The triangular structure of Galois ideals will be exploited in section 7 to give a new algebraic algorithm for computing relative resolvents. and each equivalence class in L= i has cardinality card(L (i) ). Proof. We easily have the following equivalences:
The second part of this lemma is a basic result on the left classes of a group L modulo a subgroup of L. Moreover, the degree of each f i in x i is given by degree(f i ;
Proof. If L contains the Galois group of , it is known that V (I L ) = f : j 2 Lg (see 25] ). Besides it is easy to verify that I L is radical; thus I L = J (V (I L )). Then the result follows immediately from Proposition 5.3 and Theorem 4.5. The degree of f i with respect to x i is easily obtained from relations (8) and (4). The above result speci es the structure of Galois ideals. Therefore it may be exploited to develop and optimize algorithms in Galois theory. The knowledge of the degrees of the polynomials in T may also be useful to improve the e ciency of some techniques. Remark 5.6. The above result is well known when L is the group S n . Let us recall that I Sn is generated by the separable triangular set ff 1 ; : : : ; f n g of Cauchy moduli of f, de 6. An algorithm for computing some characteristic polynomials In this section I is a radical zero dimensional ideal of k x 1 ; : : : ; x n ] and is a polynomial of k x 1 ; : : : ; x n ]. The nite quotient algebra k x 1 ; : : : ; x n ]=I is denoted by A I and the class of in A I is denoted by . When I is a triangular ideal a natural algorithm works for computing the characteristic polynomial of the multiplication by in A I . This algorithm is presented in this section and will be exploited with Galois ideals for computing relative resolvents (see Section 7).
Let us denote by^ the following endomorphism of the quotient ring A I :
: A I ?! A I P 7 ! :P and by C ;I the characteristic polynomial of^ . The coe cients of C ;I lie in the eld k like those of the matrix of the endomorphism^ . Since I is a radical ideal, the classical theorem of Stickelberger says that:
Let K be an extension of the eld k such that K \ k x 1 ; : : : ; x n ] = k. For two polynomials p and q in K x 1 ; : : : ; x n ] and for i 2 1; n], we denote by Res x i (p; q) the resultant of the polynomials p and q relatively to the variable x i .
The following lemma presents an algorithm which eliminates the variables x 1 ; : : : ; x n from a polynomial in K x 1 ; : : : ; x n ] and a separable triangular set of k x 1 ; : : : ; x n ]. It will be exploited in Theorem 6.2 for computing the characteristic polynomial C ;I when I is a triangular ideal. (X ? ( )) = 0 :
7. Algebraic computation of relative resolvents Let L be a subgroup of S n which contains the Galois group of (see 2.3). In this section we de ne the L-relative resolvent by a polynomial , and specify the obvious connection with the characteristic polynomial C ;I L . We deduce an algorithm for computing relative resolvents from the algorithm of Section 6.
The idea appears in 19] for the algebraic computation of absolute resolvents. Indeed it is based on the triangular structure of the Cauchy moduli. We show here that a similar method is convenient for computing relative resolvents, and that the e cient improvements presented in 17] and 19] for absolute resolvents are also available for our algorithm. The crucial point is that the ideal I L is triangular.
Our algorithm depends on the computation of triangular sets of generators of Galois ideals. But we show that reciprocally, it is possible to obtain these triangular sets by using our algorithm (see Theorem 7.10 and Remark 7.11). Thus, we present also in this section an algorithm for computing the generators of Galois ideals which is based on a recent result presented in 25] (see Lemma 7.7). (11) Since k is a perfect eld, the above lemma gives another proof that the coe cients of the L-relative resolvent of by belongs to k and when this resolvent is separable, it is exactly the minimal polynomial of the endomorphism^ .
Some algorithms.
Since the characteristic polynomial is a power of the resolvent it is possible to obtain a resolvent from a characteristic polynomial by a n-th root computation. Let p be a monic polynomial in k X] and q = p d where d is an integer. Let us call nthRoot(q; d) a function which returns the polynomial p; it is based on the work of P. Henrici ( 12] ) and F. Lehobey ( 17] ). Based on the fact that the considered Galois ideals are triangular, an algorithm for computing relative resolvents is easily obtained from the algorithm CharPol of Section 6. The other drawback is the growth of the number of terms. The computation may be performed modulo the ideal I L as described in 19] for the particular case where L = S n . Thus the growth of coe cients is controlled and some variables may be eliminated before the computation of the corresponding resultant. But the following degenerated case may occur with the computation modulo the ideal I L : the resolvent is not the result of the computation but a power of the result (see 19]). However, since its degree is known, the resolvent is then immediately obtained from the result of the computation as illustrated in Example 2 of Section 7.
A detailed review of these techniques could not take place here; their adaptation consists mainly in replacing the Cauchy moduli by a triangular set which generates I L in the proofs of the original papers.
In order to compute practically the resolvent we need the triangular set T L . Of course it su ces to know any system of generators of the ideal I L to obtain T L by a Gr obner basis computation. The following lemma is of prime importance to obtain a system of generators of I L . The reader can refer to 25] for the proof. . From now on, we assume that k is in nite. We thus consider that we always may compute separable invariants. Let us denote by Groebner(P S) a function which computes a reduced lexicographical Gr obner basis of the ideal generated by a nite subset PS of k x 1 ; : : : ; x n ]. We show below that the algorithm Resolvent is a convenient tool to compute triangular Galois ideals. Actually, let L = L e < : : : < L 0 = S n be a chain of subgroups of S n with G < L. Our method for computing relative resolvents is not yet fully implemented but the necessary tools are available in the AXIOM computer algebra system. The two examples presented below give the idea of the implementation which may be realized. In these examples we consider the polynomial f = x 6 + 2, irreducible over Q, whose Galois group is a transitive subgroup of S 6 . Example 1. Let L =PGL(2; 5) be the transitive maximal subgroup of S 6 of degree 120 and H be the dihedral group D 6 . We have H < L. The polynomial 1 = x 1 x 4 + x 4 x 5 + x 5 x 2 + x 2 x 3 + x 3 x 6 + x 6 x 1 is a primitive D 6 -invariant, and a fortiori a PGL(2; 5)-primitive D 6 -invariant. We compute below the PGL(2; 5)-relative resolvent of f by 1 , which has degree 10 = L : H].
First, we need the triangular set of generators T L of I L . In this step it will be also veri ed that G is a subgroup of L. The only way to obtain T L consists in applying the algorithm TriangSet(L; M; T M ) with S 6 as M and the Cauchy moduli of f as T M . We have:
T S 6 = fx 6 T PGL(2;5) = fx 6 4 . Let W 0 (X; x 1 ; x 2 ; x 3 ) be the result of this reduction. We set R 1 (X; x 1 ; x 2 ) =Res x 3 (f 3 ; W 0 ). The reduction of R 1 modulo the ideal I L does not eliminate the variables x 1 and x 2 of respective degrees 32 and 28 in R 1 , but produces a new polynomial W 1 of degree 4 in each variables x 1 and x 2 . The elimination of the variable x 2 is given by R 2 (X; x 1 ) =Res x 2 (f 2 ; W 1 ). The reduction of R 2 modulo the ideal I L produces a univariate polynomial of degree 20 whose factorization is the following: X 2 (X 3 ? 2) 2 (X 3 + 2) 4 :
Since the PGL(2; 5)-relative resolvent of by 1 has degree 10 = L : H], we obtain the following factorization over Q: L 1 ;I PGL(2;5) (X) = X(X 3 ? 2)(X 3 + 2) 2 :
For this example the extraneous power appears only at the last step, for the computation of the polynomial R 2 . Hence we did not have to eliminate some extraneous power and use the function nthRoot during the process. Example 2. Let 2 = x 4 x 2 5 + x 3 x 2 6 + x 5 x 2 2 + x 2 x 2 3 + x 6 x 2 1 + x 1 x 2 4 . The polynomial 2 is a D 6 -primitive C 6 -invariant, where C 6 is the cyclic group of order 6. We compute below the D 6 -relative resolvent of f by 2 .
Remark that the factorization of L 1 ;I PGL(2;5) , given in Example 1, provides a simple linear factor over Q. This implies that D 6 contains actually the Galois group G .
The rst step consists in computing the Galois ideal I D 6 . It can be e ciently performed with the algorithm TriangSet(D 6 ; PGL(2; 5); T PGL(2;5) ) instead of using S 6 and the Cauchy moduli of f.
We only have to compute a Gr obner basis if we use the computation of the resolvent in Example 1 and its factorization. The ideal xed by D 6 is given by: I D 6 = I PGL(2;5) + Id( 1 ? 0) ; where 0 is the value given by the simple linear factor over Q of the resolvent L 1 ;I PGL(2;5) .
In the same way as for the ideal xed by PGL(2; 5), we compute from 1 The reduction of 2 modulo the ideal I D 6 produces the value 0. Therefore the result of our computation is immediately the polynomial X. But the degree of a D 6 -relative resolvent is 2, the index of C 6 in D 6 . We are in the degenerated case mentioned in Remark 7.6, where the resolvent is a power of the result of the computation. We thus deduce that the resolvent is
